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Abstract. 

In this short article we obtain the non- asymptotic upper and low estimations for linear 
and bilinear weight Riesz's functional through the Lebesgue spaces. 
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1. Introduction. Statement of problem. 

The linear integral operator I a ,p,\f(x), or, more precisely, the family of operators of a 
view 
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(x) = I a ^ x f(x) = I[f](x) = \x\-> 3 
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is called Weight Riesz's integral operator, or simply Weight Riesz's potential, or weight 
fractional integral. 

Here \x\, x G R d denotes usually Euclidean norm of the vector x, d — 1, 2, 3, . . . ; a, (3, A = 
const, a, (3 > 0, A > 0; a + (3 + X < d. 

The bilinear Weight Riesz's functional B a ^ y \(f, g) = B(f, g) may be defined as follows: 



B(f,g) 

It is evident that 
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B a> p,x(f,g) = (I a ,i3,\f,g), 

where (/, g) denotes ordinary the inner product of a (measurable) functions / and g : 



if,g) = / f(x) g(x) dx, 

jR d 
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which is defined, e.g. when / 6 L m , g G L h m,l > 1, l/m+ l/l = l,L m = L m (R d ) is the 
classical Lebesgue space of all the measurable functions / : R d — > R with finite norm 



Jjf{x)\ m dx\ ; f E L m ^\f\ 



Obviously, 



SUp \B a ^x(f,9)\ = \Ia,(3,\f\i 
|ff|i=l 



The operators I a ,p,\ and correspondingly the functional -B q ,/3,a are used in the theory 
of Fourier transform, theory of Partial Differential Equations, probability theory (study of 
potential functions for Markovian processes and spectral densities for stationary random 
fields), in the functional analysis, in particular, in the theory of interpolation of operators 
etc., see for instance [TJ, 0, [22], [20], [33], [13], E3> PS, [IS], [20], [21], [0], [Z] etc. 

We denote also L(a,b) = Hp^u^Lp. 

We will investigate the estimations of a view: 

\Ia,i3,xf\ q < K aAX {p) \f\ p , (l.a) 

\B aA x(f,9)\ < Ka,pM \f\p \9\q/(q-l), 

with asymptotically exact values of coemcient K. 

Note that the case a — (3 — 0, i.e. the case of classical Riesz potential, is considered 
in many publications [I], [5], [EE], [12], [13], HI, [10], [20], [2Z], [21] etc. General case 
a 2 + (3 2 > is partially considered, e.g. in[l],[5],[25],[II],[I7],[S],[23],[22]. 

In the recent publication [16] is considered the weight Riesz potential for the so-called 
radial function, i.e. for the functions f(x) which dependent only on the Euclidean norm 
of a vector x : f(x) = H(\x\). It is obtained in [16] the upper bound for the weight Riesz 
potential without the constants K a ^ e ta,\{p) estimations. 

We intend to improve the results of these works and to obtain the low bounds for the 
functionals \B a>0tX {f, g)\ and |/ Qi/3 ,a(/)|- 

In order to formulate the main result, we must introduce some notations. We define 
first of all the following function q = q(p) as follows: 

1 + i = i + a+ g n 

q p a 

We will denote the set of all such a values (p, q) as G(a,f3, A) or for simplicity G = 
G(a,/3,X). 

Further we will suppose that (p, q) e G(a,/3,\) = G. 

It is known [11], [25], [T7] that the inequalities (la) and (lb) are possible only in the 
case when (p, q) e G(a, j3, A). 
We denote also 

d d 
a — a a — a — A 

and correspondingly 

d d 
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where in the case (3 = =>- q + := +00; 

k = n(a, /3, A) := (a + (3 + \)/d. 
It is known [25], [32] that if p G [l,p~] U [p + ,oo), then K a> p >x (p) = +00. Thus, we 

CONFINE THE VALUES p INSIDE THE OPEN INTERVAL p G (p_,p + ). 

Define the exact va/we of the constant K at p t \(p), i.e. the value 

V(p) = V a Mp)= sup l^Cflk. (3 ) 

We use symbols C(X, Y), C(p, q; ip), etc., to denote positive constants along with param- 
eters they depend on, or at least dependence on which is essential in our study. To distin- 
guish between two different constants depending on the same parameters we will addition- 
ally enumerate them, like C\(X,Y) and C^{X,Y'). The relation g(-) x h(-), p G (A, B), 
where g = g(p), h = h(p), g, h : (A, B) — > R + , denotes as usually 



< inf h(p)/g(p) < sup h(p)/g(p) < 00. 
pe(A-B) p(-.(AJi) 

The symbol ~ will denote usual equivalence in the limit sense. 
We will denote as ordinary the indicator function 

I(x E A) = 1, x E A, I(x G A) = 0, x A; 

here A is a measurable set. 

□ 



2. Main Result: upper and low bounds for weight Riesz's potential. 
Theorem 1. For the values (p, q) G G(a, j3, A) and p G (p_,p + ) there holds: 

Cl(a,/3 ' A) „< Wp)< „ Cli "f x) (4) 



[(p-p-) (p+ -p)T ' ' [(p - p-) (p+ - p)Y 

Recall that for the values (p, q) ^ G(a, /3, A) or for the values p £ (p-,p + ) V a ,/3,\(p) = 00. 

Proof of the upper bound it follows immediately from [TTj, pp. 215-219 after simple 
calculations. 

Another method used in [20], [21] based on the theory of maximal operators, see in PQ, 
E, ED- [22], [23]. 

Proof of the low bound. We will consider two examples of a functions from the set 
L(p-,p+). 

First example. 

f (x) = \x\- (d ~ a) I(\x\ > 1). 
We find by direct calculations using the multidimensional polar coordinates: 

\fo\p x (p-p-)- 1/p x (p-p_)-^ d \p G (p_,p + ); 

\x\ > 1 =>- 

«o(a0 := I a ,fs,xfo(x) > C« jA M 1 "^ |log|x|| > 1); 
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K\ q >C^ x .x[ q - qo ]-^', 

recall that q = q{p). 

Second example. We put: 

g (x) = \x\-( d - a -^ I(\x\ < 1), 

and find: 

\9o\p - (P+ -VY XIV * (p + -p)^ d - a ^/ d ; 
v {x) :=I a ^xg {x) >C (3) («,/?,A)-|x|- /3 -|log|x||-/(|x| < 1); 

hi* > C^(a,(3, A) • (q + - q)- 1 ^, p G (p_,p + ). 
Third example. Summing. 

We define: 

:= / (x) +5'o(^); w(x) := 7 a)/3)A [/i](a:). 
It follows for the function h = h(x), which belongs to the space L(p_,p + ), that for the 
values p from the considered interval p G (p-,p + ) 

K[(P-P-)(P + - P r =:CWKft7;d)>0 

pe(p-,p+) |/i| p 
This completes the proof of theorem 1. 

□ 
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